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INSTRUCTIONS

Read carefully the text of the problems before attempting to solve them. Five problems
out of six count for 100%. You are allowed one A4 sheet with formulae and theorems,
and a handbook of mathematics. Time allowed: 120 minutes.
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1. (20) We toss n balls into r boxes where n > 2r. Tosses are independent and we
hit every box with the same probability 1/r. Let A; be the event that the i-th box
contains exactly two balls for : = 1,2, ... r.

a. (10) Compute the probability P(A4; N Ay N---NA;) for i <.

Solution: first, we select the pairs of tosses that will land in boxes 1,2,...,i. We

can do this in
)75 ma

ways, where 0! = 1. The remaining n — 2i tosses must land in the other r — 1
bozxes. By independence

n! NN [r—i\"*
P<A1“A2“'““Ai>‘m'(;) ( : ) |

where 00 = 1.

b. (10) What is the probability that no box will contain exactly two balls? You do
not need to simplify sums and binomial coefficients.

Solution: the event that at least one box will contain exactly 2 balls is U]_, A;.
By the inclusion-exclusion formula and symmetry we have

) O O

while the desired probability is

o (Ua) S Qe () ()
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2. (20) An urn contains a white and b > 2 black balls. We draw balls at random.
Once a ball is drawn, it is replaced by a white ball irrespective of its color. The draws
are independent. Let X be the number of draws up to and including the first black
ball, and let Y be the number of draws after the first black ball up to and including
the second black ball.

a. (10) Find the joint distribution of X and Y.

Solution: the possible values of the pair (X,Y) are all integer pairs (k,l) with
k,l > 1. The event {X = k,Y =1} happens if we get k — 1 white balls, a black
ball, then | — 1 white balls and then a black ball. We have

P(X:k,Y:l):( a )‘H' b (a+1>l_1'b—1.

a+b a—kb. a+b a+b

_d" Y a+ )b - 1)
B (a + b)F+

In other words, X and Y are independent with X ~ Geom(i) and

a+b
Y ~ Geom(%).

b. (10) Find the distribution of Z = X + Y.

Solution: for n > 2 we compute

P(Z:n):niP(X:k,Y:n—k)
k=1
b(b— 1) <=

b(b—1)(a+1)"2% (a+ 1)?—_11 _gn!
(a+b)" (a+1)n2
b(b—1)
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3. (20) Let X and Y be independent with
1
X ~TI(a,1) and Y~F<a—|—§,1).

Define
(U, V) = (2\/2 2@) .

a. (10) Compute the density of the vector (U, V).
Solution: the map
P (2\/§ , 2\/xy)
x

is bijective on (0,00)* with

- (2. %).

The maps ® and ®~1 both have continuous partial derivatives. We compute
& 2y_
1 = .

Jp-1(u,v) = det ( )
v g

The transformation formula gives
1 <v>a1 v (uv>a$ Lw U
— e u R e [—
U 4 2u

ot = R )

for u,v > 0; elsewhere, one can set fyy(u,v) =0. The density simplifies to

1 _uwv v
4 u

1 1 1
u 2.1}20‘ 2 . e

for(wv) = 25 T(a+2)

b. (10) Find the distribution of V| naming it explicitly.

Hint: you can assume as known that

<1 8 T
—as=3 Jg = n o =2y/ap
/0 Vs ‘ ’ \/;6

for all o, 5 > 0.

Solution: for v > 0, we compute

MO R D b Ve

023 [Am
4°T(a)T(a+ ) v

ﬁ . U2a—1€—v :

T 921 I(a)T(a+3)

1
2(1,5
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forv <0, we can, of course, set fi,(v) = 0. Noting that we can ignore a constant
factor, we infer that V ~ I'(2a, 1).

Remark: one implication of the above calculation is the Legendre duplication
formula

['(2a) = % 227 1T(a) T <a + %) :
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4. (20) An urn contains a white and b > 2 black balls. We draw balls at random.
Once a ball is drawn, it is replaced by a white ball irrespective of its color. The draws
are independent. Let X be the number of draws up to and including the first black
ball, and let Y be the number of draws after the first black ball up to and including
the second black ball. Denote e, = E(X,p) and v, = var(X,p).

a. (5) Let Z be the number of draws until we select the first black ball, including
the first black ball. Show that Z and X,;, — Z are independent and that X,, —Z
has the same distribution as X,y14-1.

Solution: when the first black ball has been drawn, we are left with a+1 white and
b—1 black balls. Given{Z =k}, Xop—2Z = Xop—k is the number of remaining
draws until we select the last black ball. By independence, its conditional distri-
bution of X,p — Z given {X = k} is the same as the distribution of Xai1p-1,
irrespective of k. However, this means that X, — Z and Z are independent, and
Xap — Z has the same distribution as Xqq1p-1.

b. (10) Compute e,p. The solution is a sum that you do not need to simplify.

Solution: write
eap = E(Xap) = E(Z)+ E(Xap— 2).

Because Z ~ Geom(b/(a + b)), we have

b
Bz =22
b
The second expectation can be deduced from part a., transforming the above for-
mula to
a+b
€ap = + €a+1,b—1 -
b

Iterating we get

a+b a+0b a+b

€ap = b b—1++ 9 +€a+b—1,l-

We have that

1
Xosp-11~ G
+b—1,1 eom (a+b)

and hence
earb—11 = E(Xayp—11) =a+0.
Finally,
1
€ap = (a+0) T
k=1
c. (5) Let v,p = var(X,;). Show that
a(a+ )
Vap = ® + Vat1,p-1
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and compute v,;. The solution is a sum that you do not need to simplify.

Solution: since the variance of the sum of independent random variables is the
sum of variances, we have

ala+0b
Vap = var(Z) + var(X,p — Z) = % + Vat1p-1 -
Iterating we get
a(a+b)  (a+1)(a+b) (a+b—2)(a+Db)
Yab = 73 (b—1)2 +ot 92 + Vatb—1,1 -

Recalling the distribution of X,yp—11, we find that

Vatb—11 = var(Xoeip-11) = (a+b)(a+b—1),

concluding that

atb—k 1 "1
Ua,b:<a+b)ZT Cl"’b Zk——a—l-b ZE
k=1 k=1 k=1
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5. (20) Let Zy, Z1, ... be a branching process. Let the random number of offspring of
individuals have the distribution of Y given by

P =k) =20

for k=0,1,...
a. (10) Use mathematical induction to show that the generating function of Z, is
—(n—1
Go(s) = n—(n—-1)s _
n+1-—mns
Solution: first we compute

1
G(s) =Gi(s) = Z 2~ () gk — SR
k=0

— S

hence the above formula holds for n = 1. Assume the formula holds for n. Now
compute

Gny1(s) = Gn(Gr(s))

n—(n—1)G(s)
a n+1—nG(s)

n—(n—1)7=
- n—l—l—nQ—iS

:n(2—s)—(n—1)
(n+1)(2—5s)—n

_ (n+1)—mns

Cn+2—(n+1)s’

completing the induction step.

b. (10) Compute E(Y), P(Z, = 0), and n = P(the process dies out). How do the
computations fit the theory?

Solution: we have E(Y') = G'(1). Observe that

1
/ —
Gls) = (2—25)%’
which yields E(Y) = 1. We know that P(Z, = 0) = G,(0). From part a., we
obtain n
P(Z, = 0) =
( 0) n+1

It follows that
P(the process dies out) = lim P(Z, =0)=1.
n—oo

Alternatively, the latter probability can be computed as the first solution of the

equation 2—; =5 on [0,1]. This equation reduces to s*> —2s+1 = 0 with the only

solution s = 1.

The theory says that in case E(Y) = 1 and P(Z; = 0) > 0, we have n = 1;
instead of P(Zy = 0) > 0, we can alternatively observe that G"(1) > 0. In this
way, the example fits the general theory.
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6. (20) A bored statistician draws tickets from one of the boxes below. She denotes
the numbers on the tickets by X1, Xs,..., X, and their sum by S,.

G [|-1] ] o0 1

) [|—1] | o 0 0 0 0 0 0 1

a. (10) The statistician computes
Which box is she drawing tickets from? Justify your answer.

Solution: for the first box we get var(Xy) = 2/3, and for the second var(X;) =
2/9. Using the central limit theorem and letting Z ~ N(0,1), we get

30 S000 30
P(=30 < Syoo0 < 30) = P | — < <
(730 < Shom < 30) ( V10001/2/3 ~ \/var(Sioo) \/1000\/2/3)

—P|-116< _ S <1.16
VaI'(Slo()())

(CLT) =~ P(-1.16 < Z < 1.16)
=0.75.

for the first box, and

30 _ Sww  _ 30 )
V1000/2/9 ~ \/var(Sige) ~ V/10004/2/9
=P (—2.01 < _ Swow < 2.01>
v/ var(Sto0)
(CLT) ~ P(—2.01 < Z <2.01)
= 0.96.

P(—SO S SlOOO S 30) - P (

for the second. The statistician draws from the second box.

b. (10) The statistician computes P(Sjg0 = 0) ~ 0.049. For which of the two boxes
is the above approximation. Justify your answer.

Solution: using the central limit theorem we approximate for the first box

1 1
P(Sip0=0)=P (—5 < Sjoo < 5)

:P(_ L S 1 )
20/2/3 7 /var(Sio) ~ 204/2/3
(CLT) =~ P(-0.061 < Z < 0.061)

= 0.049.
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Similarly, for the second box we get the approzimation P(S190 = 0) ~ 0.085. The
statistician draws from the first box.

10



