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Instructions

Read carefully the problems before starting to solve them. There are 4 problems. You
have two hours.
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1. (20) Let X be the unique strong solution of the stochastic diferential equation

dXt = 2
√
XtdBt + 3dt

with the initial condition X0 = x0 > 0. Assume as known that Xt ∈ (0,∞) for all
t ≥ 0. Let 0 < a < x0 < b and define for y > 0

Ty = inf{t ≥ 0: Xt = y} .
Let Ta,b = Ta ∧ Tb, and assume as known that P (Ta,b <∞) = 1.

a. (5) Show that Yt = X
−1/2
t is a local martingale.

Solution: the function f(x) = 1/
√
x is twice continuously differentiable on

(0,∞), so we can apply Itô’s formula to get

dYt = − 1

2X
3/2
t

dXt +
3

8X5/2
d〈X〉t .

Rewrite to get

dYt = − 1

Xt

dBt +

(
− 3

2X
3/2
t

+
4 · 3

8X
5/2
t

Xt

)
dt

which simplifies to

dYt = − 1

Xt

dBt .

The process Y is a local martingale.

b. (10) Compute the probability P (Ta < Tb).

Solution: the stopped local martingale Y Ta,b is bounded, and hence a martingale.
Define for y > 0

T̃y = inf{t ≥ 0: Yt = y} .
We have

P (Ta < Tb) = P
(
T̃1/√a < T̃1/

√
b

)
Since we can use Y Ta,b instead of Y , we know that for any martingale we have

P
(
T̃1/√a < T̃1/

√
b

)
=

1/
√
x0 − 1/

√
b

1/
√
a− 1/

√
b

=

√
ab/x0 −

√
a√

b−
√
a

.

c. (10) Compute P (Ta =∞).

Solution: since we know that P (Ta,b <∞), on the set {Ta =∞} we have Tb <∞
for all b, and hence

{Ta =∞} = ∩n>x{Ta > Tn} .
The events in the intersection are decreasing, so

P (Ta =∞) = lim
b→∞

√
b−

√
ab/x0√

b−
√
a

= 1−
√

a

x0
.
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2. (25) Let B be standard Brownian motion and f : [0, T ]→ R a continuous function.
Let the process X satisfy the stochastic differential equation

dXt = f(t)Xtdt+ σXtdBt

with X0 = x0 with σ a given constant.

a. (15) Let

Zt = exp

(
−σBt +

σ2

2
t

)
.

Compute d (ZtXt).

Solution: Itô’s formula gives

dZt = Zt

(
−σdBt +

σ2

2
dt

)
+
σ2

2
Ztdt .

We infer that d〈X,Z〉t = −σ2XtZtdt. The stochastic product rule gives

d (ZtXt) = ZtdXt +XtdZt + d〈X,Z〉t
= Zt (f(t)Xtdt+ σXtdBt) +XtZt

(
−σdBt + σ2dt

)
− σ2XtZt

= f(t)ZtXtdt .

b. (10) Find X.

Solution: the equation in the first part is a deterministic differential equation for
Yt = XtZt of the form

dYt = f(t)Yt

with the initial condition Y0 = x0. The solution is

Yt = x0 · exp

(∫ t

0

f(s)ds

)
.

It follows that

Xt = Z−1t Yt = x0 exp

(
σBt +

∫ t

0

f(s)ds− σ2

2
t

)
.
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3. (25) Let B be standard Brownian motion. Let 0 = t0 < t1 < t2 < · · · < tn = T be
a partition of the interval [0, T ]. Let

X =
n∏

k=1

(
Btk −Btk−1

)
.

By independence of increments, we have E(X) = 0 and E(X2) =
∏n

k=1(tk − tk−1).

a. (10) Define

Hk
t =

{
1 for tk−1 ≤ t < tk
0 else.

and Mk
t =

∫ t

0
Hk

s dBs for t ∈ [0, T ]. Compute
∫ T

0
Hk

t dBs and 〈Mk,M l〉 for k 6= l.

Solution: the integrand Hk
t is elementary and hence

∫ T

0
Hk

t dBs = Btk − Btk−1
.

We have 〈H · B,K · B〉 = HK · 〈B,B〉. In our case HkH l = 0, and hence
〈Mk,M l〉 = 0.

b. (15) Find the integrand H such that

X =

∫ T

0

HtdBt .

Hint: X = F (M1
T , . . . ,M

n
T ) =

∏n
k=1M

k
T .

Solution: apply Itô’s formula for the function F (x1, . . . , xn) = x1x2 · · ·xn. All
second partial derivatives with respect to the same xk are 0, and in the mixed
terms the cross-covariances are 0. Only the first derivatives remain in the Itô
formula. We have

X =
n∏

k=1

Mk
T

=
n∑

k=1

∫ T

0

∂F

∂xk
(M1

t , . . . ,M
n
t )dMk

s

=
n∑

k=1

∫ T

0

∂F

∂xk
(M1

t , . . . ,M
n
t )Hk

s dBs .

Finally,

Ht =
n∑

k=1

( n∏
l=1
l 6=k

M l
t

)
Hk

t .
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4. (25) Assume that the stock price follows the Black-Scholes model with volatility σ
and constant interest rate r, or in other words

St = S0 exp

(
µt+ σBt −

σ2

2
t

)
.

Let T be the expiration time, and let the option VT pay

VT =


ST − b, if ST > b

a− ST , if ST < a

0, else

for 0 < a < b.

a. (10) Compute the initial price V0.

Solution: we write

VT = (ST − b)+ + (a− ST )+ = (ST − b)+ + (ST − a)+ − (ST − a) .

Denote by V e,k
t the value of the European call with strike price k at time t. We

have that
V0 = EQ(ṼT ) = V e,b

0 + V e,a
0 − (S0 − ae−rT ) .

b. (15) Find Ht.

Solution: denote He,k
t be the stock component of the European call with strike

price k. at time t. We have that

Ht = He,a
t +He,b

t − 1 .
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