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INSTRUCTIONS

Read carefully the problems before starting to solve them. There are 4 problems. You
have two hours.
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1. (20) Let X be the unique strong solution of the stochastic diferential equation
dX, = 2v/X,dB, + 3dt
with the initial condition Xy = xy > 0. Assume as known that X; € (0,00) for all
t>0. Let 0 < a < xg < b and define for y > 0
T,=inf{t > 0: X; = y}.
Let T, = T, A Ty, and assume as known that P(7,, < o) = 1.
a. (5) Show that Y; = X;l/Q is a local martingale.

Solution: the function f(x) = 1/y/x is twice continuously differentiable on
(0,00), so we can apply Ité’s formula to get
3

1

Rewrite to get

1 3 4.3
dY, = ——dB, + | — X, | dt
X t+< X7 " gx7 t)

which simplifies to

1
dY; = ——dbB;.
t X, 0

The process Y 1s a local martingale.
b. (10) Compute the probability P(T, < T).

Solution: the stopped local martingale YT is bounded, and hence a martingale.
Define fory > 0

T, =inf{t >0:Y, = y}.
We have

P(T, < T) = P (Tipa < Tyyv)
Since we can use Yot instead of Y, we know that for any martingale we have

- - VI = Vb \fabJey — Va
P<TW5<T1N5>_ 1/Va—1/vb  Vo—ya

c. (10) Compute P(T,, = 00).

Solution: since we know that P(T,,, < 00), on the set {1, = oo} we have T, < 0o

for all b, and hence
{T, =0} = Np=o{Te > T0} .

The events in the intersection are decreasing, So

Vb= \abjzy _[a
P(Ta—oo)—blgglo—\/z_\/a =1 \/;0.
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2. (25) Let B be standard Brownian motion and f: [0,7] — R a continuous function.
Let the process X satisfy the stochastic differential equation

dXt = f(t)Xtdt + O'XtdBt
with Xy = xg with o a given constant.

a. (15) Let

0.2
Zt = exXp (—O'Bt + ?t) .

Compute d (Z;X;).

Solution: Ito’s formula gives

2

0'2 g
dZt = Zt —O'dBt + ?dt + ?tht .

We infer that d{X, Z); = —0*XZ;dt. The stochastic product rule gives

d (ZtXt) = thXt + XtdZt + d<X, Z>t
= Z,(ft)Xdt + 0 XydBy) + Xy Zy (—0d B, + o”dt) — 0° X, Z,
FO)Z, X, dt .

b. (10) Find X.

Solution: the equation in the first part is a deterministic differential equation for
Y, = X\ Z; of the form
dY, = f(t)Y;

with the initial condition Yo = xo. The solution is

Y, =z - exp (/Otf(S)dS) :

It follows that

t 2
X = Zt—lyt = Xgexp (UBt +/ f(s)ds — %t) .
0
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3. (25) Let B be standard Brownian motion. Let 0 =ty < t; <ty < --- <t, =T be
a partition of the interval [0, T]. Let

n

X=][B,-B,.) .

k=1

By independence of increments, we have E(X) = 0 and E(X?) = [[}_, (tx — tx—1)-

a. (10) Define

1 fortp 1 <t<t
ko -1 < k
Ht_{O else.

and M} = [} H*dB, for t € [0,T]. Compute [, HFdB, and (M*, M) for k # I.

Solution: the integrand Htk 15 elementary and hence fUT HdeS =B, — By, _,.
We have (H - B,K - B) = HK - (B, B). In our case H*H' = 0, and hence
(M*, MY = 0.

b. (15) Find the integrand H such that

T
X :/ thBt.
0

Hint: X = F(Mp,..., M%) =[],_, M¥.

Solution: apply Ité’s formula for the function F(z1,...,x,) = 129+ 2,. All
second partial derivatives with respect to the same xp are 0, and in the mized
terms the cross-covariances are 0. Only the first derivatives remain in the Ito
formula. We have

k=1
n T F
- Z/ a_(Mt1> thn)dMsk
0 8.1'k
k=
n T F
- Z/ a_(Mt1> thn)Hdes
0 al'k
k=1

Finally,

N
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4. (25) Assume that the stock price follows the Black-Scholes model with volatility o
and constant interest rate r, or in other words

o2
Sy = Spexp (,ut +oB; — ?t) .

Let T' be the expiration time, and let the option Vi pay

ST—b, lfST>b
Vr=<a—Sr, if Sr<a

0, else
for 0 < a <b.
a. (10) Compute the initial price Vj.
Solution: we write
Vr = (St —b)+ + (a— 57)+ = (St — b)+ + (S —a)y — (ST —a).

Denote by Vf’k the value of the Furopean call with strike price k at time t. We
have that .
Vo = Eo(Vr) = Vi" + V5 — (Sp — ae™™™).

b. (15) Find H,.

Solution: denote Hf’k be the stock component of the European call with strike
price k. at time t. We have that

H =H"+H"—1.



