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1. (25) Let B be Brownian motion. For A € R define
M, = 2 Jo Blds g (A(Bf —t)) and N, = 2N Jo Bids iy (AN(Bf 1)) .
a. (10) Show that M and N are local martingales.

Solution: the process M 1is the product of two semimartingales of which one has
bounded variation. We have

d (62)\2 N Bgds> _ o2\ [y B2ds (2A2B2) dt

and
d (B} —t) =2B,dB;.

As a consequence we have
d(B? —t), = 4B2dt .
We have

th -
¢ Iy Bids (202 B2) cos (A (B? — 1)) dt

e o Blds | _\sin (X (B2 — 1)) 2B,d B, — %)\2 cos (A (B} —t)) 4B7dt

= —22® Jo B gin (A (B2 — t)) BdB, .

We have that M is a local martingale as an integral with respect to B.

b. (5) For a > 0 define
t
T, =inf{t > 0: 4/ B%ds > a} .
0

Argue that T, is a stopping time and the processes
Mt = Mip, 1n Nt = Ninr,
are martingales.

Solution: from the trajectory of B on [0,t], we can establish whether 4 f(f B2ds >
a or not, hence {T, <t} € F;. We have

2 (AT 2 142
62)\ fo ¢ BZds S 65)\ a)

which means that M and N are bounded local martingales and hence martin-
gales.
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c. (5) Assume P(T, < oo) = 1. Show that
FE (Mt/\Ta) =1 and F (Nt/\Ta) =0.

Argue that
E(MTQ) =1 and E(NTG) =0.

Solution: M and N are martingales and hence
E(Miar,) =1 and E (Nyr,)=0.

As t — oo, by assumption we have My, — Mr,. Applying the dominated
convergence theorem we have

E (Minr,) = E(Mz,) ,

ast — oo. The argument for N is similar.

d. (5) Compute
E [cos ()\ (B%a — Ta))} .

and
B fsin (A (82, - 7,))]

Solution: we have

and

E [sin (A (Bf, —T.))] =0.
This implies that Br, — T, ~ N(0, a).



FM2, 2024/2025, N. Novak, M. Perman

2. (25) The semimartingales X and Y satisfy the equations

dX, = X,dBY + X,dB®
dY, = —Y,dt+Y,dB",

where B and B® are independent Brownian motions. Assume that X, = Yy = 1.
a. (10) Compute d (X,;Y;).
Solution: we have

— X, (—Ytdt + YtdBt(l)> +Y, (XtdBfl) + XtdB§2>) + X Yadt
= 2X,Y,dB" + X,Y;dB®? .

b. (15) Find X,Y;.

Hint: the process
2B + B?

W, =
t V5

1s Brownian motion.

Solution: from the first part we get
t t
XY, =1+2 / X,Y,dBM + / X,Y.dB®.
0 0
Rewrite to get
t
XY, =1+ \/S/ X, Y.dW,.
0

The solution of this equation is the exponential martingale

X,Y, = exp (\/Swt — gt)

or
5
XY, = exp <2Bt(1) + Bt(z) - §t) :
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3. (25) Let B be Brownian motion and 7" > 0 fixed. Assume as known that
E (cos(ABy)) = e and E (sin(ABy)) =0.
a. (10) Let {F;}1>0 be the filtration generated by the Brownian motion. Compute
E (sin (ABr) | F)
for 0 <t <T.

Solution: we compute

E (sin (AB7r) | F2)
= FE(sin(A(Br — B+ By)) | F)
= FE (sin(A\(Br — By)) cos(B:) + E (cos(AN(Br — By))) sin(ABy)

27—y

= ez sin(A\B).

b. (15) Find the integrand H such that

T
sin(ABr) = / H,dB, .
0

Solution: we have

E (sin (ABr) | Ft) = f(B,t) .

It follows that

af _2%(T—s)
—(B = 2 By).
e (Bs, s) = Xe cos(ABs)

H, =
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4. (25) Assume the Black-Scholes model

dSt = St<udt + O'dBt) .

for the stock price. Asusme that r and o are given constants. Denote the exercise
time by T

a. (5) Let Vp = Sp. What is V47 What are (H?, Hy)?

Solution: since under Q the price process Sy and V; are martingales, we have

Vi

Eo (VT\J-}>

= Eq <§T|]'}>
== gt .
It follows that (H?, Hy) = (0,1) for 0 <t <T.
b. (10) For a European call option with strike price k we have for t < T

Vi = 8:®(dy) — e " TDkd(dy)

with .
. log($i/k) + (r+ %) (T 1) R
oV —t
and
H, = ®(dy).
Use

(kz—x)+:(x—k)+—(x—k)
to derive V; and H; for the European put option Vy = (k — Sr) .

Solution: we have

Vi = e UTVEq [Ve|F]
= " TEG [(k - Sr), | F]
= 1 t)EQ (St — k), — ST— k)| Fi]
= "I VEG [(Sr— k), — (Sr — k)| F]

= S5®(dy) —e T kcp(dQ) (st — ke ")
= =S P(=dh) + ke TTID(~dy).

By linearity Hy = ®(dy) — 1 = —®(—dy).
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c. (10) The Butterfly option is given by

VT:f<ST)7
where for0 <a <k <b

r<k—a
=2 a<z<k
kE<xz<b
r>b

|2~EO

~~
—~~
]
SN~—
I
T‘?T
54

<7
o

Compute V,.
Hint: look at the functions

M@ —k)y = (@ =0)4] and p[(k—2)r —(a —)4]
and choose X\ and .

Solution: let Vtc’k be the prices of the Furopean call with strike price k and V;p’k
the price of the Furopean put with strike price k. From the hint we have that the
Butterfly is given by Vi = f(St) where

1 1
fo) = 1= = [ = K = (@ = B)y] = [k = 2), = (a — )]
For the prices of the Butterfly it follows that
1 1 ok yreb| 1 p.k _ y/pa
=1 b—k[vt Vt] k—a[vt Vi }

d. (5) Find H; for the Butterfly option.

Solution: wuse linearity and the fact that for the option Vp = 1,the replicating
portfolio equals (e7"T=%)0).



