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Abstract

In the paper, the Lagrange geometric interpolation by spatial rational cubic
Bézier curves is studied. It is shown that under some natural conditions the
solution of the interpolation problem exists and is unique. Furthermore, it
is given in a simple closed form which makes it attractive for practical ap-
plications. Asymptotic analysis confirms the expected approximation order,
i.e., order six. Numerical examples pave the way for a promising nonlinear
geometric subdivision scheme.
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1. Introduction

Geometric interpolation by parametric curves is a modern research topic
dealing with interpolation of geometric data (points, tangent directions, etc.),
independently of parameterization. In comparison to classical interpolation
schemes this brings additional shape parameters and consequently a higher
approximation order. Also the shape of the interpolant is more pleasant
since the parameters that need to be prescribed in classical schemes are here
chosen automatically.
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The first rigorous analysis of a particular geometric interpolation scheme
goes back to [1], which was further refined in [2]. Later, Hollig and Koch
stated in [3] a general conjecture on polynomial geometric interpolation as-
serting that these interpolants could, in general, interpolate much more data
than their classical counterparts of the same degree. However, the analysis of
geometric interpolation schemes is a challenging task since it involves anal-
ysis of systems of nonlinear equations. Several results on existence, unique-
ness, geometric conditions for solvability, and algorithms for construction are
known (see [4], [5], [6], [7], [8] and the references therein). While planar poly-
nomial geometric interpolation is a well researched topic, not much is known
for interpolation in higher dimensional spaces R%. Obviously the rational
geometric interpolation is a even more challenging topic and even less results
are known. A nice survey on known facts is, e.g., in [9]. Some recent results
are mainly dealing with the planar case and can be found in [10], [11], [12],
[13], while the spatial case is still to be investigated.

A first step, analysis of geometric Hermite interpolation of spatial data,
was done in [14]. A general interpolation scheme for Hermite G"~! interpola-
tion by a rational curve of degree n was derived, and cubic and quartic cases
were studied in detail.

In practice, the Lagrange interpolation turns more useful since only data
points are interpolated, and no additional higher order approximation data
is needed. Of course, the problem is much harder than the Hermite one.
In this paper Lagrange geometric interpolation of six data points by spatial
rational cubic Bézier curves is tackled. It is shown that under some natural
conditions the solution exists and is unique. The solution can be written in
a closed form. The asymptotic analysis carries through, and it confirms the
expected approximation order six. The numerical examples are used as a
cornerstone for a new nonlinear geometric subdivision scheme that could be
used for particular sets of the initial data. The evidence supplied suggests
its nice properties.

The outline of the paper is as follows. In the next section, the Lagrange
interpolation problem is stated. It is analysed in the third section, where the
solution of the problem is revealed. In the fourth section, asymptotic anal-
ysis is carried through, and the optimal approximation order is confirmed.
The paper is concluded by numerical examples, based on a new subdivision
scheme, and by an appendix, where a geometric proof of a similar result for
the unordered data is given.



2. Geometric interpolation problem
Suppose that data points
P,eR® (=0,1,...,5, Py # Py, (1)

are prescribed. The goal is to determine a rational spatial cubic Bézier curve
r: [0,1] — R? that interpolates the data points at parameter values

O=tg<ti <tg<ts<ty<ts:=1, t:=(t)),, (2)
with t1, 1o, t3,t4 yet to be determined, i.e.,
’r'(tg):Pg, 620,1,...,5. (3)

A rational cubic Bézier curve can be written as
1 3 3 3 1
r= ;p = Zbﬂ"i, p = ZwibiBz‘?’? = ZUJ?;B?, Ti = ;wiBz?’a (4)
i=0 i=0 i=0

where b; € R3 are the control points, w; are the weights, and B3(t) :=
(3)#1(1 — ¢)3~ are the cubic Bernstein basis polynomials. By using the nor-
malized form of the curve (see [15]), we can without loss of generality assume
that wy = w3 = 1 and thus

m(te) =1, n(ts) = 1. (5)

The interpolation conditions (3) give 18 scalar equations that should deter-
mine 18 unknowns, i.e., the components of control points b;, © = 0,1,2, 3,
the weights w; and ws, and the parameters tq, t9, t3,t4. Quite clearly, due to
the end point interpolation property,

’I"(t()) = b() = .P()7 ’f’(t5) = b3 = P5.

If the scalar unknowns ¢, and w; have already been determined, it is a
straightforward linear task to compute b; and b, from (4).



3. Equations

Let us reduce the interpolation conditions (3) to equations that determine

the scalar unknowns only. Let [y, 711, . . ., Te1x] denote the k-th order divided
difference based upon the knots 7y, 711, ..., Teax. Since p = mr, introduced
in (4), is a cubic curve, the divided differences [t;,¢;11,...,tj44], 7 = 0,1,

map it to 0. However, the parameters (2) should be distinct, and the closed
form divided difference representation can be applied (see e.g., [16]). This
gives two vector equations for six scalar unknowns

Jj+4

- ey S ) Tl g
[ tiets - s (77) szij) (te) ;%(wm 0, j=01,
(6)
where »
wi(t)=[[t—t), =01 (7)
(=j

Since 7 is a cubic polynomial, its divided difference at five points vanishes,
thus

j+4
J=0,1, (8)
and we may further Slmphfy (6) to
j+4 (t) j+4 ( ) o— Jj+3 J+4
. (PZ - Po) = P AP
j:O,17 with AP,L = Pi+1_Pi- IfZ:Oandj: 1, the term
Sy @i (te)

vanishes, and we obtain a compact form of the equations, i.e.,

ZAP Z;I J((tj) =0, j=0,1. (9)



But (9) simply shows that for j = 0, 1, vectors

(& r) & r) & at) ) )
o= (Z wj (te)” 2 wj (tf)’zz wj (te)” @j (tj+4)’0> ’

(=j+1 (=j+2 =j+3

(10)
»

j+4 j+4 j T
_ 3 7 (te) 3 7 (te) 3 m(te)  m(tj4a)
Fi= (O’ te)’ wj (te)”, >

S wil( S, Wi (b)) @5 (t44)

belong to the kernel of the data difference matrix
AP = (AP));_, € R*. (11)
From (5), (7) and (8) we observe

24:;(;2): ) _ L, o) 1 (12)

' S (to) o (to) o (ts) o (ts)

Note that the kernel ker AP is at least two-dimensional. But if the interpo-
lation problem (3) has a solution then by (10) and (12) there should exist
vectors

Cj = (C]}i)?:o) Cj € ker A-F)7 j = Oa ]-7 (13>
with
C0,0 = 17 C0,4 = 07 Cl,O = 07 C1,4 = 1? (14>
that satisfy
ko = ! ¢ k, = ! ¢
T (o) T ()Y
Componentwise these equations are
4
1
Z ﬂ-(tg) = CO;L# 1= 07 1a 2a 37
Sy o (te) o (o)
(15)
5 i
t t 1
DR i (VR SO P
Sy (t) o @t (ts)

Let A¢ji—1 = (5 — (ji—1. By subtracting consecutive equations in (15) we
derive
, - AGsa, - - AGs, i=1,2,3.4. (16
wWo (t,L) Wo (to) CO’ ! w1 (tz) w1 (t5) 1a—1 ( )




Moreover,

signwg (t;) = (—1)",4=0,1,...,3, signwg (ts) = signwyg (t5) = 1,
‘ (17)
sign Wy (to) = signwy () =1, signay (t;) = (=1)"",i=2,3,...,5.

Let us define

AQO i—1 . 3
52‘, = ’ y = 1,2,3,4, 0= 51 -
P A ' QU
If we eliminate 7(¢;),7 = 1,2,3,4, from (16), we obtain a system of four

equations

wi (t5)5 wy (£)

. i—1+ =

wWo (to) Wy <t1>
for the unknown parameters t;. By (17) and (18), §,-1 > 0, i = 1,2,3,4.
After multiplying the i-th equation by a common nonzero factor (t; —t)/(t5—
t;) and subtracting the consecutive equations, we obtain

=0, i=1,2,34, (18)

ts—tr, _ts—tis
1

ts — t ts — t ts — t ts — t
= s —lss bl s-lag Lt
to —to t1 — 1o t3 — 1o

1_tz—to > ty — 1o 2_ts—to

53a

which allows one to express ts, t3, t4 in terms of ¢;. But then the last equation
in (18) simplifies to
010203 (t5 — t1)°

o (t1 — t0)3 ’

and we end up with a simple closed form solution

3
t = ”%&%% . i=1,2,3,4. (19)
i1 4 /85010505

Since 9; should be positive, the parameters ¢; satisfy (2) if and only if
(50>51>(52>(53>0. (20)

Once the parameter values t; have been determined by (19), there are several
ways to compute the weights w; from (5) and (16). Since

1. 1

wy = §7r(0) +1, wy= —§7’r(1) +1, (21)



we may express the cubic polynomial 7 as an interpolating polynomial, based
upon pairs

(to,m (to)), (t2,m(t2)), (t3,7(t3)), (ta, 7 (ta))

from the first set of equations in (16), and

(t, 7 (t1)), (b2, (t2)), (3,7 (t3)), (ts5,7 (£5))
from the second one. Then (21) gives the weights

_ —00 (Ao + 1) — 61 (Alo1 +1) — 2 (Ao + 1) — 05 (Aps + 1)

“ 39/0001020, (’22)

1 A -1 A -1 A -1 A -1
Wy = — 3 (50(5152(53 CI,O + gl,l + CLQ + gl,S .
3 50 51 52 53

Let us summarize the discussion.

Theorem 1. Suppose that there exist kernel vectors ¢; = (Cj7i)?:0 of the

data difference matriz AP, defined in (11), that satisfy (14) and (20). Then
there exists a cubic rational Bézier curve that interpolates the data (1) at
parameters (19), with weights provided by (22).

Remark 1. As it was pointed out by a referee, the existence and unique-
ness of the solution of the problem of geometric interpolation of six unordered
spatial points by a rational cubic is well known in projective and algebraic
geometry. We include a simple proof of this result, also kindly provided
by the same referee, in the appendix since it is hard to find it in the liter-
ature. However, the interpolation problem considered in our paper differs
significantly, since the order of points to be interpolated is prescribed.

If the data (1) are not planar, we can elaborate the assertion of Theorem 1
a little bit further. Let us define determinants

Dijk Z:det(APi,APj,APk>, i,j,kE{O,l,...,4}.
Corollary 2. Suppose that D13 # 0. Then the cubic rational Bézier inter-
polating curve exists if

Doaz + D13 < Do13 + Dogs - Do12 + Do3 N D12
N D3y 4+ Dogy ~ Disg+ Diga ~ Digs + Doy

If Diji, = 0 for some 0 <@ < j <k <4, k—1 <4, the interpolation problem
may have a solution only if the data are planar.

(23)
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PROOF. If Djy3 # 0, the kernel vectors (13) are by the Cramer’s rule

Dgos D D Dosy D D
CO:<]—7_ 0237 0137_ 012’0)7 C1:<07— 2347 134’_ 12471>'
Digs” Digg” Dioas Digs” Dizs™ Dias
(24)

Further,

Doz + D13 5 — D13 + Doas _ Doz + Doi3 Do12
=70 0

do == ,0=="""F"03=F7""-,
Doz D134 + Doz D24 + D3y D123 + Doy

and the requirement (20) follows from (23). If D, = 0 for some 0 < i <
Jj <k <4 k-1 < 4, the vectors AP;, AP;, and AP, are coplanar,
and the kernel vectors ¢; that satisfy (14) do not exist unless APy, { €
{0,1,...,4}\{¢, 5, k}, belong to the same plane.

Algebraic conditions (23) have a simple geometric interpretation that may
be used for the computation of the unknown scalar parameters too. Let

op = (=1)"det (P; — P, P; — P, P, — P,),s=0,5, 4,5,k € {1,2,3,4}.

Geometrically, %Vljk is the signed volume of the tetrahedron spanned by the
vectors P, — P, r =1, j, k. It is then easy to verify that

Digz = (—=1)° (=Vijs + Vipy — Visy + Vasy), s =0,5. (25)

Further, with A(, := (AQJ)?:O, i=0,1,

1
ACO = D— (_‘/2%47 ‘/1%47 —V10247 V1023) >
123
! (26)
ACl - D— (_‘/5247 ‘/1534, —‘/1524, ‘/1523) )
123
and consequently
VO VO VO VO
5 — 234, 5 — 1347 _ 1247 _ 123 97
VRS VRS T VR T Vi (21)

So one obtains an admissible solution only if the sequence § of volume quo-
tients is monotonically decreasing but positive (Fig. 1). In order to inves-
tigate the background of this property let us assume that the data P, are



Py Py P4 Py
Vs b Vi, b Vs b Viz b
3 3 3 3
P, P, P, P,
PO P1 PO P1 P() P1 PO P1
Ps Ps Ps Ps
Py Py P4 Py
Viza b Vs b Vixs b Ving b
3 3 3 3
P> P, P, P,
Pn P. Pn P. Pn P Pn P.

Figure 1: An example of the tetrahedrons that determine volumes V3, V%, and the

corresponding quotients. The sequence 8, obtained in the computational background, is
(2.83512,1.1692,0.556325,0.212169).

sampled from an analytic parametric curve f : [a,b] — R?® at parameter
values

no<m<---<mns, n€lab], n:= (W)?:o-

Then the volumes szk could also be written as

s

ijk — (_1)8 V (7787 Mis Ny 77k) det ([7787 nl] .f7 [7787 i, 77]] f7 [7787 Mis Ny 77k] f) )
(28)

where

Y (un, g, ug, ug) = | (uy — w) (29)

j>i

denotes the Vandermonde determinant, based upon values uy, us, us, us. The
det factor in (28) could be viewed as a (unnormalised) discrete torsion,
depending on the parameter values involved. For ¢ = 1,2,3,4, (i,5,k) =
(T)f:u#, this gives

So1 = cn @ a, (30)

where
o det ([7707 771] .f7 [7707771'777]'] fv [7707771'777]'7 nk] .f)

B det ([7727775] .f7 [7717 77]'7775] .f7 [7717 77]'777167775] f)’ (31>

qe :



and the constant
=1 775

does not depend on ¢. The second factor in (30) clearly decreases with ¢, so
the Lagrange interpolation problem will have an admissible solution if the
discrete torsion does not change sign, and it varies with parameters rather
slightly. This condition is obviously satisfied if the curvature and the torsion
of the curve f do not change the sign, and the parameters 7, are close enough.
Though in practice one would use the Bézier form of the interpolant (4), a
closed Lagrange form of the interpolant could sometimes be useful too. Since
ty should be distinct, it is right at hand. Let us introduce cubic polynomials
4
Git) =[Jt-1t), i=1234
i

If we rewrite 1); in the Bernstein basis, we obtain

= OB+ (00 + 30)) B+ (1) = 331)) B+ ()5S
But
Yi(t;) = 0ijbi(ti), i, =1,2,3,4.
So the rational functions

L= Loei= T (0 + o (000 + 3300 )

(33)
+ () - 30 e+ ) 11234

W

with 7 : [0,1] = R, £ = 0,1,2,3, defined in (4), satisty £;(t;) = d;;,%,] =
1,2,3,4. Also, from (6),

PO:ZZ?( %) ZPC to),

and similarly at t5. Thus, if the interpolant r exists, it admits a closed form

representation
4

=1

10



Of course, the particular choice of parameters t,ts, t3,t4 could be replaced
by any subset of four distinct values from (2). Also, the rational cubic ge-
ometric interpolation scheme reproduces cubic rational Bézier curves with
nonvanishing both the curvature and the torsion uniquely. This implies the

identity
i p(t:) r. =P
— m(t;) T’

where p denotes any polynomial of degree < 3.

Cubic rational Bézier curves r : [0,1] — R?® may be unbounded if the
denominator 7 vanishes in (0,1). But for an interpolant that interpolates
six data points one would usually try to avoid this situation in practical
applications. Since the weights w; could be derived in a closed form, the
following corollary elaborates this possibility further.

Corollary 3. Suppose that the assumptions Disz # 0 and (23) of Corol-
lary 2 are satisfied, and the weights wy, wy are determined by (22), (25), (26),
and (27). The denominator 7 is positive on (0,1) if wy > 0 and wy > 0. If
at least one of the weights w; is negative then m remains positive iff

4w — 3wiw; — 6wiwy + 4ws + 1 > 0.

PRroOOF. Note that due to the convex hull property «(¢) > 0, ¢t € [0, 1], for
all weights (wy,ws) in the first quadrant

Ri = {(wl,wz) | w1 > O,UJQ > O} C Rz.

Let D D Ri be the largest connected open set that determines the weights
for which 7 does not vanish in [0, 1]. Since 7(0) = 7(1) = 1, 7 must have a
double zero at each point(wy,ws) of the boundary of D. The first polynomial
of the Grobner basis of the polynomials {7, 7} reads

glwy, wy) = dw? — 3wiws — 6wywy + 4w + 1.

Thus double zeroes of 7 must lie on the variety g(wi,ws) = 0. There is
precisely one branch of this variety in R* \ R2 (see Figure 2).

In order to observe this note that g(—1/3,—1/3) = 0. For each wy €
R, wy > —1/3, there is one sign change in the coefficient sequence

(—4, —3w§, +6ws, 4w§ + 1) ,

11
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Figure 2: The variety g(w1, ws2) = 0 (black curves) and the region where r has poles (filled
region).

so by the Descartes’ rule of signs there exists precisely one w; = w;(ws) < 0
such that g(w;(ws),ws) = 0. If we interchange the role of w; and wy, we
obtain the other half of the branch concerned. Since ¢(0,0) = 1 > 0, the
polynomial 7 stays positive on (0,1) if g(wi,ws) > 0, (w1, we) € R* \ R2.
On the other side, if g(wy,w2) < 0, (wi,ws) € R*\ RZ, (21) implies that
the denominator 7 has a unique minimum at t* € (0,1), 7(¢*) = 0. The
quadratic equation yields

1—wo

it %Hul+\/<17w2>2+<17w1><w27w1)’ W < W,
= t"(wy, wy) = %7 Wy = Wa,
% B %1*w2+\/(1*w11);il(1*w2)(w1*wz)7 Wy > Wy
Since . .
P By ) g = B >0,

for any (wy, w2) € R*\R?2 such that g(wi, ws) < 0 the denominator 7 strictly
increases with wy to the value 0 at g(wq,wy) = 0. The proof is complete. [

12



4. Asymptotic analysis

In this section, we show that the assumptions of Corollary 2 are fulfilled
for quite a significant class of data. Some expansions involved have been
obtained by using a computer algebra system.

Theorem 4. If the data (PE)Z:O are sampled from an analytic curve f :
la,b] — R3 with nonvanishing both the curvature as well as the torsion,
and the parameter interval [a,b] is small enough, then there exists a unique
geometric Lagrange cubic rational Bézier interpolant.

Proor. Without loss of generality we may assume that f is parameterized
by the arc-length s € [0, k], with data points determined by

szf(hHE)a £20717"'757 (34)

where
O=m<m<--<m<n=1 n:=(p)_,.

We may also additionally assume

0 1 00
foy=1o], Froy=[o 1 0], (35)
0 0 0 1

where F f denotes the Frenet frame of the curve f. Let the curvature x and
the torsion 7 of f expand as

s s s 52
/{(S):K/O—f—lilﬁ—f—l{/ga—f—..., T(S)ZTO+Tlﬁ+TQ§+"'7 SG[O’hL
with kg, 7 # 0 by the assumption. The Frenet-Serret formulas, with the
choice (35), give the curve expansion that shortens to

s — thgs® — grok1s® + O ()
f(s) = | 3r08” + gr18® + 55 (ke — ko (K3 +13)) s* + O (s7)

%/107'083 -+ 2%1 (2:"{,17'0 + /‘€07'1) 54 + O (85)

From here, it is straightforward to determine by (34) the data and the data
difference expansions. The key determinant expands as

1
Dig3 = EV (71, M25 M3, Ma) “gTth + 0 (h7) )

13



and it obviously does not vanish for A small enough since V (91, 12,13, 14) > 0
(see (29)). Further, g, defined in (31) expands as

2
qézl_wh_‘_(g(hQ)

4507’0

independently of ¢. So (30) gives the quotients

1— i 2/4]17'0 + KRoT1 2
0i_1 = l———h O (h
1 C77 i ( 4507—0 + ( )

that clearly satisfy (20) for A small enough. The proof is completed. OJ

The analysis of the asymptotic approximation order requires a rather
precise expansion of the scalar unknowns. The parameters t; expand as

ti =i+ (1 — i) m (Ci,lh + Ci,2h2 + Ci,3h3) +0 (h4) , 1=1,2,3,4. (36)

Here, ¢, are expressions that depend on the data constants only. In partic-
ular, ¢; 5, involves coefficients x;,7;,7 = 0,1,..., k. The terms

1 K1 i T
C1=—=|— —
! 6 Ko 27'0

are independent of 7, the terms c¢; » are linear functions of n;,

Cio _ L [(2mn 18k G2+ 20/;&% n 67 — 67'227'0 + 57
s 360 RoTo Ko K’O 7_0
_ L (Zun 12m g 108 675 + omm — 107
180 RoTo Ko HO 7_0

with coefficients that do not depend on 4, and ¢; 3 are polynomials of total
degree 2 in constants 7,. This illuminates the fact, verified for k = 3 directly,
that the following divided differences of the terms c;; vanish,

k+j
k47 Cik .
[, - i) (Cin)i] = Zkﬂ— =0, j=1,2,...,4—k k=1,2,3.
=TT (= me)
(=5
0£i
(37)

14



At last, we obtain expansions of the weights w; from (22) as
w;=1-doh*+ 0O (F’), i=1,2, (38)

with

 36kgTy + K (367 4+ 2470m9 — 3577) + dkoTo (3K2To — 2R171) — 20K5 T

ds :
2 720272

The expansions obtained allow us to prove the following theorem. But first
of all, let us recall the parametric distance (see e.g., [17]) as a measure of

distance between parametric curves f : [a,b] — R? and g : [c,d] — RY,
defined as

distp (f,g) = inf max || £(t) — g( (1))l

a<t<b

where the infimum is taken among all diffeomorphisms ¢ : [a, b] — [c, d], and
||| is the usual Euclidean norm.

Theorem 5. Suppose that the interpolation data
Pg:f(hm),Kz(),l,...,iS, 0:770<7]1<"'<T]4<775:1,

are sampled from an analytic curve f : [0, h] — R3 with nonvanishing curva-
ture and torsion. The asymptotic parametric approrimation order is optimal,
i.e., 0.

PROOF. Suppose that h is small enough, so that the assertions of Theorem 4
hold, and let r, = #ph denote the rational cubic interpolant, obtained for
a particular h. Let us recall the triangle inequality

distp (f, ) < distp (f, q) + distp (q, 7). (39)

A good guess of the inserted curve q could make it easier to bound two right-
hand terms than the distance distp (f, 7)) directly. We choose ¢ = g, as a
polynomial curve of degree < 5 determined by the interpolation conditions

q,(ty) =Py, (=0,1,...,5.

This way we may use the Newton error remainder form to bound each of the
terms involved. In order to bound the first one we reparameterize f by an
interpolating polynomial ¢ of degree < 5, determined by the conditions

@(tg):hng, EZO,L...,S

15



The expansions (36) show that ¢, are separated for h small enough, and ¢ is
well defined. Let us recall tg =19 =0, t5 = 15 = 1, and (36). If we expand
entries of the divided difference table for the data (;, hm)fzo, the relations
(37) imply

[tz,tH_l]gO:h—i—O(}ﬂ), ’i:O,l,...74,

and
tistist, .. tis]e=0 (W), i=0,1,...,5—7j;j=2,3,...,5.

Thus
dt)=h+0(h), V) =0(K), j=2.3,...,5 (40)

and, since ¢ is a particular regular reparameterization, we obtain the bound

distp (f, q,) < max || (¢(t)) — g, (0)]-

To0<i<1

But the polynomial curve g, agrees with f o at six parameter values ¢y, ¢ =
0,1,...,5. So the interpolation error is

flo(t) —alt) = (t —to)(t —ta) -+ (t = t5) [to, b1, 15,1 (F 0 ) = O (h°) .

The last equality follows from the chain rule applied to j—; I (p(t)), and (40),
which proves more generally

e =00, =126 (1)

The second term in (39) is bounded from above by

distp (g, ma) < max |Iq, (t) — ra(®)],

— 0<it<1
and
q, (t) —rp(t) = (t —to)(t —t1) -+ (t — t5) [to, L1, - - -, t5, E] 7,
since g, interpolates r, at t,,¢ = 0,1,...,5 too. But 7,7, is a polynomial

curve of degree < 3, and the Leibniz rule reveals

0= [to,tl, Ce ,t5,t] (7Th’l°h) =

3
= Th(t> [to,tl, e ,t5,t] Th + Z [to,tl, RN ,ti,bt] Th [ti—l;ti; . ,t5] Th.
i=1

16



From the expansion (38), the closed derivatives form and the convex hull
property of Bézier curves it is straightforward to conclude

() =1+ 0 (h?), m(t) = O (h?), 7 (t) = O (h)), i=2,3. (42)
Since 7, interpolates f o ¢ at t,, (41) and (42) imply

(1 + O (h2)> [to,tl, P ,t5,ﬂ Th =

3
- Z\[%Jh st ot ts] (Fop) = O (h°).
=1

O(hi) O(hS—1)

This concludes the proof. O

5. Numerical example: subdivision

In this section, we illustrate the cubic rational Lagrange geometric inter-
polation at six points by using it as a basic step of a geometric subdivision
scheme. The example is entirely numerical. All the basic theoretical ques-
tions that accompany each subdivision scheme, such as the correctness and
the convergence, the smoothness of the limit curve etc., are yet to be an-
swered.

Suppose that an initial data points sequence (Pg) is such that a rational
cubic interpolant 79 that interpolates the points P2+Z-, 1= —2,—1,...,3,
exists for all . The subdivision is defined by the rules

PZH = Pf?
4
P’;E:ll = Z Ei,t’; ((t?,Q + tzs) /2) Plgﬂ'd = r? ((té?z + t?,?.) /2) )
i=1

where .
k. (+k k _ k k. _

are the parameter values at which the rational cubic curve rf interpolates
the points
k k k
P€—2’P£—17"' aP£+37

and Eiﬁ are the corresponding Lagrange basis functions, determined by (33).
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Let us consider the curve f : [0,10] — R?, defined as follows

1 V5In(t + 1) cost
f(t)=—= | Vt?+1+2In(t+ 1)sint | . (43)
V5 2Vt2+1—In(t+ 1)sint

Let the boundary data points be given by

14 14
Iﬁsz®>,P%44=mej%>,EZQLZ (44)

with mg = 20, and let the rest of the initial data points (PS)Z]; *be sampled
from f in two different ways, equidistantly and randomly, just to investigate
the influence of the initial data distribution. In both cases, the subdivision
carries through, and we obtain sequences of points

mp—1
(Pf)e:ko , k=0,1,... mp=15-2"+5. (45)

my—1
Figure 3: A superposition of the first five subdivision steps (Péf)Z ,k=0,1,...,4,

starting with the equidistant data distribution (5 curves on the left), and a random one
(5 curves on the right).

Superpositions of the resulting first five steps are shown in Fig 3. In order
to exploit the numerical evidence of (45) further, we consider the sequence

E k=0,1,...,8,
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mg—1

of polygons, based upon the points (P’;) —0
continuous if (Sk)k>0 forms componentwise a Cauchy sequence in the uni-
form norm. To observe this numerically, we compute a particular parametric

The limit curve would be

k+1
l:)2/+1

k _ pk+l
P/+l - P2f+2

Figure 4: Regular parameterization of the segment of £¥*1 by the orthogonal projection
to the line segment PIZPIZ 1

distance (see Figure 4). The segment of ¥ determined by the points
Py P;“Zfl, P;“ZLIQ, can be regularly parameterized by the orthogonal pro-
jection onto the line segment P} P}, to the point

uPj + (1—u)P},,, uelo,1],

provided

s { [Pz~ PAE| (|Ps - P } .
[Ph =PI TPh— i

In the latter case, for this particular parametric distance, we obtain for the
segment considered

k+1.,\ _ ck _ k1
max [|E77(u) — E(u)llee = 2™,

where p’g“ denotes the Fuclidean length of the altitude in the triangle
P;P;, Pyl with the base P;Pj,, (sce Figure 4). Figure 5 clearly in-
dicates that

p" = max pf
¢
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Figure 5: The distances (p’g) ,k =1,2,3,4, for the equidistant data start-up distribution
(left), and a random one (right).

k )\k ,Ok pk/pk—l wk wk/wk—l
1]0.600 | 1.29810 x 1071 7.41337 x 1071

2 1 0.536 | 3.41883 x 1072 | 0.263 | 3.78804 x 107! 0.511
310519 | 8.61251 x 1073 | 0.252 | 1.94666 x 10! 0.514
410513 | 2.15623 x 1073 | 0.250 | 9.95511 x 1072 0.511
51 0.509 | 5.39930 x 10=* | 0.250 | 5.00913 x 102 0.503
6 | 0.507 | 1.35229 x 10=% | 0.250 | 2.50837 x 1072 0.501
7 1 0.505 | 3.38780 x 1075 | 0.251 | 1.25537 x 1072 | 0.500
8 1 0.505 | 8.48945 x 1079 | 0.251 | 6.27875 x 1073 0.500

Table 1: Convergence of the subdivision to the limit G' curve, with equidistantly sampled
starting data.

decreases with growing k, independently of the starting data distribution.
More precisely, the numerical evidence, given in Tables 1 and 2 clearly
supports the conclusion that

A= max A\
¢

stays bounded well below 1, and the sequence (pk) decreases by a factor
larger than 2. This supports a conjecture that the sequence (5’“) converges
to a continuous curve. Further, let ¢F,

w? =7 (P§71P§JP§P§+1)7 Pr = m?xq/zéﬂ

be an angle between the consecutive line segments of £¥. If ¢)* — 0 uniformly
with growing k, the limit curve would be G' too (see e.g., [18]). Figure 6

20



k )\k pk pk/pkfl ,¢k 1/Jk/¢k71
1]0.614 | 1.24849 x 10° 9.91372 x 1071

2 | 0.566 | 4.21494 x 1071 | 0.338 | 5.96720 x 107! 0.602
31 0.555 | 1.09887 x 1071 | 0.261 | 3.41928 x 107! 0.573
41 0.550 | 2.76940 x 1072 | 0.252 | 1.76209 x 10~' | 0.515
5| 0.547 | 6.95455 x 1073 | 0.251 | 8.69146 x 102 0.493
6 | 0.550 | 1.76050 x 1073 | 0.253 | 4.36649 x 1072 0.502
710.559 | 4.47925 x 107% | 0.254 | 2.18677 x 1072 0.501
8 1 0.572 | 1.44841 x 107* | 0.323 | 1.13530 x 1072 0.519

Table 2: Convergence of the subdivision to the limit G' curve, with randomly sampled
starting data.

Figure 6: The angles (d)f) ,k=0,1,...,4, for the equidistant data start-up distribution
(left), and the random one (right).

and Tables 1 and 2 give support to this conjecture too. One is tempted to
conjecture even G? smoothness though the polynomial counterparts (see e.g.,
[19]) are discouraging. But a brief numerical evidence shows that this is not
to be expected in general.

Let us conclude the paper with a numerical estimate of the asymptotic
approximation order of the limit curve. We choose the boundary points by
(44), and the other points are distributed equidistantly, starting with

mo = 20,40, ...,120,

initial points. For each mg, we estimate the Hausdorff distance between the
curve f and the polygon obtained after three subdivision steps. Table 3
clearly indicates that the approximation order is 6.
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mo | disty (f,€%) | decay

20 | 6.69477 x 1073
40 | 9.47456 x 1075 | —6.143
60 | 9.01141 x 107% | —5.802
80 | 1.25521 x 107°% | —6.852
100 | 3.08374 x 107 | —6.291
120 | 1.04793 x 1077 | —5.920

Table 3: The approximation order after three subdivision steps, for the number of initial
points 20,40, ...,120.

Appendix A.

In this section the proof of the geometric result on existence and unique-
ness of a solution of the geometric interpolation problem for the unordered
data, provided by the referee, is given. The result is well-known in algebraic
and projective geometry, but it seems that it is hard to be found in the
literature, so we include it for completeness.

Theorem 6. Let Py, Py,..., Ps5 be given spatial points. If no quadruple of
points is coplanar, there exists a unique geometric rational cubic curve, which
interpolates given data.

Proor. Take one of the given points in the projective space, say Pj5, and
project all the others from Pj onto a plane e (not passing through Pj).
Denote the image points by Py, Py, P3, P,. The assumption implies that
no triple of these points are collinear. So there is a unique non-degenerate
quadratic conic C; passing through them (i.e., an interpolating conic). Ob-
viously, there is a unique quadratic cone Ky with the vertex Pj, passing
through that conic C;. By construction, all the six given points lie on it.

Now interchange the roles of P5 and another of the given points, say
P,, getting a second quadratic cone Ky which also contains all the six given
points. The intersection of these cones (being an algebraic variety of fourth
order) splits into the common generator P,P; and a spatial rational cubic.
(There is only one projective type of them, called “normal cubic” and denoted
by C3.) Since every such cubic passes through the vertex of any quadratic
cone on which it is lying, it passes also through P, and P35, hence through
all the six given points.
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Uniqueness is implied by construction since the variety of all chords (in-
cluding tangents) of Cs is a one-parameter family of quadratic cones (like Ky
and /Cy) with vertices running along this C3 and the common intersection of
all these cones is just the Cs itself. This completes the proof. 0
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